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■ ABSTRACT 

Oh 

^ I We study "multitrace" deformations of large master fields in models with a mass 

gap. In particular, we determine the conditions for the multitrace couplings to drive 
^ . tachyonic instabilities. These tachyons represent new local instabilities of the associated 

■ nonlocal string theories. In the particular case of Dp-branes at finite temperature, we 
consider topology-changing phase transitions and the effect of multitrace perturbations on 
the corresponding phase diagrams. 
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1. Introduction 



The AdS/CFT correspondence provides a nonperturbative definition of quantum 
gravity in asymptotically Anti-de Sitter (AdS) spaces, in terms of a quantum field tfieory 
witfi an ultraviolet fixed point (CFT), formally living on a conformal boundary of the AdS 
space. The prototype examples define string theory on certain AdS^^+i vacua as dual to 
super symmetric SU{N) Yang-Mills (SYM) theories in the large limit of 't Hooft 0, 
defined on R x S'^. In this correspondence, string perturbation theory is obtained as the 

expansion of the gauge theory, and different semiclassical backgrounds with a common 
AdS asymptotics correspond to different "master fields" of the gauge theory [^. 

Single-string states in perturbation theory arise as single-trace states in the Yang-Mills 
theory, such as Wj |vac), where 

W^ = tr P exp (i (p A] (1.1) 
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for some contour 7. For CFT's one has an exact operator-state mapping, so that we may 
equivalently talk about the space of local operators of the CFT on R'^. For finite values 
of A^, i.e. at the nonperturbative level, this correspondence between single strings and 
single traces must break down, since the Yang-Mills theory with gauge group of rank A^ 
has only 0{N) independent single-trace /oca/ operators. Many single-trace local operators 
are linearly related to multitrace local operators, which means that the perturbative Fock 
space of string perturbation theory loses its exact meaning for excitations with 0{N) 
strings. This is related to the so-called "stringy exclusion principle" [§. 

One way of studying nonperturbative effects associated with these phenomena is to 
consider deformations of the AdS/CFT correspondence by "condensates" of multistring 
states in the AdS space, i.e. deformations of the CFT by multitrace operators. Such 
backgrounds were studied in and argued to provide new classes of string theories with 
nonlocal interactions, both on the worldsheet and the target space (NLST). A nontrivial 
generalization of the AdS/CFT correspondence is needed to describe these deformations 
in the leading large A^ approximation 

It was shown in ||,10| that these AdS/CFT prescriptions are equivalent to the Hartree 



approximation from the point of view of the gauge theory, in the spirit of [|Tl|. The 
basic gauge invariants are single-trace normalized operators of the form On = tr F"'. 
Interactions that are non-linear on the basic invariants, such as 

Ant ~ Cm [OnT , (1-2) 
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may be substituted by a linear interaction 



£eS ^ CnOn, (1-3) 

with Cn a "collective potential" that is determined selfconsistently. The basic identity 
determining Cn is the saddle-point equation at = oo. The expectation value of the field 
equation for On gets a contribution from ( |1.2|) of the form 



mCn, {{Onr-') -^mCm ((On))"^"' , (1-4) 

where we have used the large N factorization of gauge-invariant operators in the right 
hand side. Since ( On ) are pure numbers, this is the contribution of a linear action ( |1.3| ) 
to the field equation, provided we adjust the "effective potential" according to 

Cn=mCn,{{On)T-^ . (1.5) 

In the linear model (|1.3| ) we may calculate the expectation values {On) by taking derivatives 
with respect to C^, so that the expectation values are functions of C^, and ( pTsP becomes 
an equation that determines Cn selfconsistently. 

More generally, for an arbitrary action functional with 't Hooft's scaling 

S = J d'^x L{0u02,...) , (1.6) 
we can introduce an effective single-trace model 

S = N^J2[ d^xC^On, (1.7) 

where the effective couplings C, are determined by the solution of the "master equations" : 

Cn = 1^ ({0)j) . (1.8) 



dOn \' 

When interpreted in the context of the AdS/CFT correspondence, ( p..8|) is equivalent to 
the boundary conditions proposed in 0. 

It was pointed out in [|10| that (|1.8|) can have various solutions for each of the ef- 



fective couplings Cn- Hence, the "master field" of the theory with multitrace interactions 
can develop a branched structure. On the dominating branch the partition function is 
maximized or, equivalently, the large vacuum energy is minimized. When level-crossing 
phenomena cause the dominating branch to change, we will have in general large phase 
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transitions. These phase transitions correspond to nonperturbative tunnehng processes 
between different backgrounds of the NLST. Similar phenomena were extensively studied 



in the context of c < 1 matrix models 12 



In this paper we extend the results of |jTy] on particular solutions of ( pT^ ) for specific 
examples. In addition, we study more carefully the structure of large phase transitions 
induced by multitrace perturbations, and we compare their effects with other types of large 
phase transitions that can be calculated using the AdS/CFT correspondence. We study 
the conditions for the NLST backgrounds to be locally stable, and we find a new kind of 
tachyonic instabilities triggered by the multitrace interactions. 

The article is organized as follows. In section 2 we discuss the general structure of the 
expansion around a background with multitrace interactions. In section 3 we study the 
local stability of the saddle points, including the new tachyonic instabilities of multitrace 
origin and a detailed discussion of one concrete example. In section 4 we study multi- 
trace effects on one particular instance of global instabilities, namely topology-changing 
transitions on toroidal backgrounds, generalizations of the Hawking-Page transition in the 



pure AdS case ||T^,|4|. We end with the conclusions and an appendix dealing with sub- 
tleties arising in the case of the topological-charge operator in four-dimensional Yang-Mills 
theories. 



2. Systematics of the Mean Field Approximation 

Let us consider a gauge-theory model specified by a single-trace action S'o and a 
multitrace perturbation by a general function of a single-trace operator of the form 

trF" + ... (2.1) 

where the dots stand for other terms in gauge or matter fields. The complete action is 

S = So + N'^ J d'^xCO + N^ J d'^x f{0) , (2.2) 

where we have separated explicitly the linear part of f{0). We shall assume that operator 
condensates in this theory, (O), are determined in terms of the microscopic couplings, 
with at most a discrete degeneracy. In particular, this means that we will only consider 
theories whose single-trace limit / — has isolated vacua with a mass gap, separated from 
any possible moduli spaces of vacua. 
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The coupling ( will be promoted to a source for the operator O, although the large 
N master field will be assumed translationally invariant on R'', and ( will be evaluated as 
a constant in all expectation values. 

In the Hartree approximation, the expectation value (O) may be calculated at = oo 
from the single-trace effective theory with action 



S = So + N^ I d'^xC O , (2.3) 

with C determined from the master equation: 

C = C + f'{{0)-) . (2.4) 



The consideration of large phase transitions requires comparing the values of the 
full partition function 

Z[C,f]= j DAe-' (2.5) 

at different large master fields. The path integral measure over the gauge field A may 
contain various other fields as well, although we use the notation DA for simplicity. The 
effective single-trace partition function 

Z [C]= j DAe-^ (2.6) 

can be used to compute the single-trace expectation values, but it is in general different 
from (|2.5| ) at the saddle points. i 

In order to derive a useful expression for Z[(, f] it is convenient to introduce appro- 
priate auxiliary fields. First, we insert a delta-functional constraint by the identity 

1= [ llda,5[a-0] , (2.7) 

which defines cr(x) as a classical interpolating field for the local operator 0{x). We can 
further exponentiate the delta-functional by means of a second auxiliary field 



^ This wrong assumption was made in |10[ | in a brief analysis of some examples. In the present 
work we correct these errors, although they do not change the qualitative picture. 
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It will be convenient to distribute democratically the factor of (27r) ^ between the a and 
X measures. Defining 



da. 



27T 



and analogously for Dx, we can write 

1 = j DaDx e'/^^'^-^) , 
which defines a formal path integral representation of the full partition function, 



'[C,/] = / 



DaDxZo 



C + i 



X 

iV2 



exp 



-N^J f{a) + i I xcT 



(2.9) 



(2.10) 



In this expression Zq denotes the single-trace partition function that results by setting 
/ = 0. The connected functionals of the full and single-trace theory are given by 



W[C,f]^-^logZ[CJ] , W^o[C] = -i^ logZo[C] 



(2.11) 



In these definitions, C is treated as a spacetime-dependent source. At the saddle points 
we will assume translational invariace on R'^ and it will be useful to define the volume 
densities 

W[CJ] = J d^xwiCJ) , WM = J d^xwoiO, (2.12) 
as a function of the microscopic couplings. 

Both Wq and all its functional derivatives have a expansion with leading term 

of 0(1). They generate the set of connected correlators of 0{x) in the single-trace theory. 
For example, the one-point function is of 0(1), 

5Wo 



while the connected two-point function is of 0(1/A/'^), 



(o(xi)e»(x2) 



1 



m SCixi) dC{x2) 



(2.13) 



(2.14) 



In order to derive a 1 /N expansion for Z f] we evaluate the path integral over 
the auxiliary fields in the saddle-point approximation. We write a = ac + a' /N and 
X = Xc + -^x') ^iid we determine Uc and Xc requiring the cancellation of the 0{N) terms. 
This leads to the equations 

5Wo 



(2.15) 



Defining an effective coupling 



C = C + || (2.16) 



we see that o"c = {O)-^ , and the saddle-point equations (|2.15|) are equivalent to the master 



equation (|2.4| ). These equations imply that the saddle point of the x integral lies in the 
imaginary axis for real values of the one-point function. In this case, one must deform the 
contour of integration of the zero mode of x accordingly. 

The leading term in the expansion of the partition function is then given by 

«^(C, /) = ( C ) + / (( )c) - ( )c /' (( ^ )c) + 0{l/N^) . (2.17) 

This shows that the partition function at large is not just the partition function of the 
effective single-trace model; there are two extra terms that were omitted in [|10| . 

The local stability of a given master field is controlled by the functional quadratic in 
the perturbation fields a', x'? of ^(1) the large expansion around the saddle point. 
This term contributes 

-log Z [C,/] = 0(iV2) + 1 log Det [/C] +0(l/iV2) , (2.18) 
where /C is a nonlocal operator acting on the field-space (x', cf') as 

with = f"(a,) and 

the connected two-point function in the effective single-trace model. 

The higher-order functional derivatives of Wq, together with the higher derivatives 
of the multitrace potential /(cr), define effective vertices for the 1/A^ expansion of ( |2.10| ). 
The connected single-trace correlators define nonlocal vertices of the x' field, 

= E - / ^'^1 ■ ■ ■ ^ l( ^ T ^'^^i) ■ ■ ■ ' (2.21) 

Z-^jyn I ^} J dC(xi) ■ • •dC(Xn) C 

where each functional derivative of Wq has a separate expansion in powers of with 
leading term of 0(1). 
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Both the saddle-point equations ( |2.15| ) and the propagator (|2.19| ) depend imphcitly on 
the fuU single-trace connected functional Wq, which itself has a expansion with lead- 

ing term of In principle, we have the choice of keeping this implicit expansion 

in the value of the saddle point ctc, Xc and the effective propagator /C. However, we often 
ignore the explicit form of Wq beyond the planar approximation and, in practice, we solve 
for o"c, Xc just at the leading (planar) order. In this case we may include the nonplanar 
dependence of ( ^.15| ) and ( |2.iy| ) via a series of explicit tadpole and mass insertions. These 
new vertices have the form ( ^.21| ) with n = 1,2 and Wq replaced by its "non-planar" part 
with leading scaling of 0{1/N'^). This means that the tadpoles form a series with leading 
term of 0{1/N), whereas the mass insertions start at 0{1/N'^). 

Finally, the vertices for the a' field are local, 

V^-J:N^2^J d'xf^-\a^) ia'^r ■ (2-22) 

m>3 

Using /C as a propagator and ( p.21|) , ( |2.22|) as vertices, we can calculate the corrections 
to the master field in a systematic diagram technique. For quadratic perturbations, = 0, 
the a field is free and can be explicitly integrated out, leaving only the diagram technique 
of the X field, as in the treatment of [|T5| . 

Regarding the NLST interpretation, if the single-trace model is associated to some 
string background Xq via AdS / CFT or a deformation of it thereof, the perturbation expan- 
sion in powers of the multitrace vertices f^^\cic) defines the nonlocal worlsheet interac- 
tions, according to . The content of the Hartree approximation is simply that one-point 
functions and partition functions may be calculated at large by working in a modified 
single-trace background X, characterized by effective single-trace couplings C,. However, 
the physics of the NLST goes much beyond the one-point functions and the large N vac- 
uum energy. In particular, the stability of the NLST cannot be inferred directly from the 
stability of X in the single-trace theory, but instead requires a specific analysis. 



3. Stability of the Master Field 

The global stability properties of the perturbed model depend to a large extent on the 
global properties of the function /(a) for large values of a. If this function is unbounded 
from below we can expect a globally unstable model. In this section we shall concetrate 
on the local stability properties of a given saddle point, characterized by a solution ac, Xc 
of the master equations ( |2.15|) . 
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In momentum space the operator /C has the block form ( p.l9|) for each value of the 
momentum. The naive stability conditions demand positivity of the eigenvalues 

= \ [fc + G,{k)) ± \sJ{{f'^-G,{k)f -A. (3.1) 
This amounts to the reality condition 

|/:-G2(A;)|>2, (3.2) 
together with the positivity conditions 

+ G2{k) > and 1 + f'^ G2{k) > . (3.3) 

In ordinary field theories we expect G2{k) > for Hermitian 0{x), so that the violation of 
the stability conditions can only occur for sufficiently negative values of f^' . When these 
conditions are not met, we can still define the integrals by analytic continuation in /" or, 
equivalently, by an appropriate contour rotation of the a', x' integrals around the saddle 
point. However, in this process physical quantities will pick up complex phases that change 
their physical interpretation. One simple example of this phenomenon is the imaginary 
part of the vacuum energy, which should be interpreted as the total decay width of the 
unstable saddle point. 

Since x is a formal auxiliary field, it is not obvious that all the conditions > have 
the same physical status. For example, the contribution to the vacuum energy coming 
from each momentum mode is given by 

i log(A+A,-) = i log [l + /:G2(fc)] , (3.4) 

and simply demanding that this contribution be real imposes the less restrictive condition 

l + f','G2{k)>0. (3.5) 

In fact, to the extent that we are interested in the exact correlation functions of the 
operator 0{x), we must focus on the propagation properties of the a{x) field after xi^) 
has been integrated out, since we have 

( 0(xi) ■ ■ ■ Oix^) ) = ( a{xi) ■ ■ ■ a(x^) ) (3.6) 

as an exact statement in the complete theory. Therefore, we first integrate over x' and 
obtain an effective action for a' of the form 

exp(-refi[a']) = Det-^/2 j 



c^'iG, +/;)a' + 0(l/iV) 



(3.7) 
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where we have omitted the interaction terms that are suppressed by powers of In- 
tegrating now over a' in the gaussian approximation we obtain the previous result for the 
total determinant (p^), 



Det"^/' [G2] ■ Det"^/" + J = Det"^/' [l + Z^Gs] , (3.8) 

where we assume a convenient regularization procedure to make sense of these manipula- 
tions. More generally, the expansion of the correlators (|3.6|) can be calculated using 
Feynman rules with effective kinetic term 

/C. = G2"' + /^ (3.9) 

Hence, the physical stability condition demands positivity of this (Euclidean) kinetic term 
for all momenta. Assuming G-2,{j)) > 0, this condition is equivalent to ( p?5| ) above. 

In order to give a more physical characterization of the stability conditions let us 
consider the spectral representation of the single-trace two-point function 



G2{p) = / dz^^ , (3.10) 



with p{z) > the spectral density (for simplicity, we assume that 0{x) is scalar and 



^-1 



Hermitian) . Expanding G2 near p = we have 



ZojO) 

p2 + M2 



G2{P) - , (3.11) 



where the wave- function rescaling, Zo(C), and the mass gap, Mq , of the single-trace theory 
are assumed to be positive, 

7 ln\- U<i'l>i~)l~f „2_ Sdzf,{z)lz 

Hence, the physical stability condition boils down to 

1 + /:G2(0)>0. (3.13) 
The single-trace mass gap gets renormalized and this defines an effective mass gap, 

M2 M^j = m2 + Zo{0) > , (3.14) 
that must be positive for stability. 
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3.1. Stability and the Master Equation 



We can relate ( p.l3|) to the master equation by evaluating ^2(0). The integrated 
two-point function at zero momentum can be formally written as 

(3.15) 



(3.16) 



d'^x 6-2(0) = N' j d'^x J d'^y { Oix) 0{y) ) ^-^ = - j d^x w'^{Q . 
Hence, the stability condition (|3.13| ) becomes 

i-r: w'^u)>o. 

On the other hand, the master equation can be written as C = H{ ^ ), where 



(3.17) 



This function satisfies 

H'U) = l-fc <(C), (3.18) 

which is the expression appearing in the stability condition ( |3.16| ). Therefore, H{() is 
monotonically increasing (decreasing) for stable (unstable) solutions of the master equa- 
tion. We can thus determine the stability of the solutions by a simple glance at the plot 
of the function H{() (c.f. Fig 1). In particular, the solutions of H'{() = mark the 
stability boundary of a given branch and correspond to the onset of the nonlocal tachyons. 



H( C ) 



Fig. 1: Sketch of a function H{ C ) leading to various solutions of the master 
equation. Stable branches are indicated in solid lines, separated by locally 
unstable branches in dotted lines. At the extrenia of H{ C, ) we have the onset 
of the tachyonic instabilities. 
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The function H{() also controls the monotonicity of the vacuum energy with respect 
to the effective coupling (. Starting from the general expression ( 2.17 ) we can write the 
vacuum energy density as 



w = Wo + /{wq) - Wq /'{wq) , (3.19) 

where all functions depend implicitly on (. Taking the derivative with respect to ( and 
using the definition of H{ in (|3.17|) we find 

w'{C)=w'oU)H'iC). (3.20) 

If the condensate of the single-trace theory, (O) ~ "Wq, is a monotonic function of C there 
is a correlation between the monotonicity of H{() and that of the total vacuum energy. 

It would be interesting to provide a more geometrical interpretation of these instabil- 
ities from the point of view of the NLST. The worldsheet interpretation of the multitrace 
insertions involves contact interactions between smooth worldsheets |]1^,0. The tachyonic 
modes described here should be associated to the condensation of these contact interac- 
tions, producing degenerating worldsheets. It would be interesting to elucidate the geo- 
metrical interpretation of these tachyons in spacetime. See for recent results in this 
direction. 



4. An Explicit Example 



A simple model realizing these phenomena is the standard "approximation" of QCD 



in terms of Dp-branes (with p < 5) at finite temperature [^. One starts by engineering 
a non-supersymmetric version of Yang-Mills theory in d = p Euclidean dimensions by 
considering the low-energy limit of a hot Dp-brane. 

The important expansion parameter is the effective 't Hooft coupling of the YM^ 
theory at the energy scale set by the temperature T of the SYM^+i theory on the hot 
D-brane (c.f. [|13,0), 

Xd^QsN (V^Y~\''-^ , (4.1) 



'a' J 

where Qs is the string coupling and a' the string's Regge slope. For <^ 1 perturbative 
Feynman diagrams give a good description, whereas for ^ 1 we can use the AdS/CFT 
dual in terms of the near-horizon metric of the black D-branes UTTI . 
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The single-trace action is given by 

So = j^ J d'^xCd, Cd=^^trF^ + ..., (4.2) 

where the dots stand for regularization artefacts at the temperature scale T or above 
(superpartners, higher- dimensional modes or string excitations). In what follows we shall 
simplify the notation by adopting units in which T = 1. 

At Ad ^ 1 the supergravity approximation yields an explicit value for the vacuum 
energy in terms of the free energy of the hot D-branes, 

wo = -{5~d)CdXr^ , (4.3) 
where Cd is a positive constant. From here one finds 

{Ca)=w', = {d-3)CaXr' , G'2(0) = -< = ^^f|^C,A,^ . (4.4) 

Hence, we have all the ingredients needed to consider multitrace deformations by a non- 
linear function of the operator Cd{x), 

S = So + N^ J d'^xfiCd) . (4.5) 

Defining 

C=i^, H{C)=C-f'(^{d-3)CdC'^), (4.6) 

we have an effective single-trace model determined by the inverse 't Hooft coupling 
which acts as a curvature expansion parameter of the black Dp-brane metric. From this 
model we can calculate the condensate (Cd) as a function of C, which in turn is determined 
by the master equation ( = H{(). 

The multitrace deformation is trivial for d = 3 in agreement with the fact that the D3- 
brane free energy is independent of the dilaton in the leading supergravity approximation. 
Incidentally, we notice that 6^2(0) = —Wq < for d < 3. This violation of the positivity 
of the two-point function at zero momentum is presumably due to the non-Hermiticity 
of the effective Lagrangian operator (|4.2|) , which would be dominated at Ad ^ 1 by the 



regularization artefacts. This fact renders the d < 3 models rather unphysical for the 
matters discussed here. Therefore, in the following we restrict attention to d = 4 and drop 
the d- dimensional subscript from all quantities. We also simplify the formulas by setting 
C4 = 1 with an appropriate choice of coupling parameters. 



12 



The transition between the perturbative and supergravity descriptions occurs at the 



"correspondence line" of [|T9[. For the single-trace model it is given by ^ ~ 1? which is 
perturbed by multitraces to C ~ 1 or, in terms of the original coupling 



C = if(i) = i-/'(i). 



(4.7) 



We see that, depending on the sign of /'(I), the multitraces increase or decrease the 
supergravity domain in ^-space. We now discuss some specific choices for the multitrace 
perturbation. 




Fig. 2: The function H{ C,) for the monomium perturbation with n = 1 and 
^ = 0.1 (Ml hne), ^ = -0.1 (dashed hne). 

4.1. Monomium Perturbation 



Choosing a multitrace deformation by a single positive power 



we have 



n + 1 



HiC)=C 



(4.9) 
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Fig. 3: Binomium perturbation n = 2, I = 1, ^ = —0.1, rj = 1,0.6,0.01 (the 
larger rj corresponding to the fuU hne). 

and a vacuum energy density 

For small ^ the behaviour is qualitatively equivalent to the single-trace theory near the 
correspondence line C = 1- However, there are gross differences deep in the supergravity 
regime C ^ 1- 

For ^ > we have well defined supergravity backgrounds with small curvature (C 0) 
and small and negative bare 't Hooft coupling ((^ — oo). Restricting ourselves to positive 
bare 't Hooft couplings we have a minimum value of C given by = ^2»+i . At this point 
the bare 't Hooft coupling diverges, i.e. C = H{ ) = 0. 

On the other hand, for ^ < the iJ-function has a minimum at Cm = (2n|^|) at 
which the bare 't Hooft coupling becomes maximal. This is a critical point of the master 
equation with the onset of a local instability for lower For C > Cm there are two possible 
solutions of the master equation, but only the more curved one (larger C) is locally stable. 

For either sign of C the dynamics diflFers significantly from the single-trace model when 
the inverse 't Hooft coupling reaches values of order ( ~ Hence, for |C| ~ 1 the 
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0.2 



4 0,6 0.8 1 1.2 1.4 1.6 1.8 2 



Fig. 4: Binomium perturbation n = 2,1 = 1,^ = 0.1, 77 = —1, —0.6, —0.01. 
(the larger 77 corresponding to the full line) 

single-trace behaviour is pushed beyond the correspondence hne. In particular, for ^ <^ — 1 
the supergravity regime loses all stable solutions. 



4-2. Binomium Perturbation 



For a perturbation of the form 
one has 

^(C) = C-=|r-^. (4.12) 

There is no qualitative difference with the monomium if ^ and 77 have both the same 
sign. If the sign is different and C < 0) the shape is the same as in the monomium but 
the minimum is displaced to lower values of C, and can eventually cross the C = axis, 
removing the retrictions on the value of the 't Hooft parameter (c.f. Fig 3). The amount 
of the displacement is related to the ratio \ri/^\, growing with it up to a maximum value. 
If ^ > a maximum and a minimum of H{() appear if the ratio \rj/^\ is large enough. 
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Fig. 5: Logarithmic perturbation with e — 1, ^ — 0.1 (dashed Unes) and 
^ = —0.1 (fuU hnes). The branches at > 1 are unphysicaL 

Thus, a new unstable branch develops and there is a phase transition between the low-( 
branch and the high-^ branch as ( increases (c.f. Fig 4). 

4-3. More Exotic Perturbations 

In the supergravity approximation one may also study non-polynomial "perturba- 
tions" at a formal level. For example, we can consider an analytic logarithmic perturbation 
f{z) — ^ log {ez — 1), with < e < 1, leading to 



The function /(C) develops an imaginary part for ^ > v^, so that we are led to the 
restriction ( < ^Je < 1. If £ > 1 this boundary goes beyond the supergravity regime. 
The ^ < branch is locally stable, whereas the ^ > branch is only stable up to a 
maximum value of C,. This determines in turn a maximum value of ^ (or a minimum 't 
Hooft coupling). 

An even more formal perturbation is given by the non-analytic function f{z) = ^/z 



H{0 = C-Ce 




(4.13) 
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-0.5 




Fig. 6: Simple pole perturbation, f (z) 
^ = — 1 (dashed line). 



^/z, with ^ = 1 (full line) and 



with 



H{C)=C + ^C . (4.14) 

In this case, the perturbation by 1/tr does not make much sense in perturbation theory. 
However, the results are quite smooth in the supergravity approximation, corresponding 
to the hmit of very large 't Hooft coupling. Indeed, from ( 4.14 ) we see that these models 
produce an analytic function H{(), so that they approach the single-trace theory for 
C ^ 1. If ^ < there is a maximum of the master equation, which means that the 't Hooft 
parameter should be higher than 4 |^|. 

In general, we see that novel qualitative features triggered by multitrace couplings 
stay well within the supergravity approximation only as long as |^| ^ 1, with ^ a generic 
multitrace coupling. Since the master equation takes the form 

C = H{C) = C-f(c~ 



(4.15) 

we find that deformations that have f'{z) analytic around the origin produce important 
qualitative changes in the deep supergravity regime ^ ^ 0. Conversely, singular deforma- 
tions in perturbation theory, corresponding to singular f'{z) at the origin, approach the 
single-trace theory in the extreme supergravity regime. 
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5. Multitraces and Topology-Changing Phase Transitions 

Large- A?^ phase transitions induced by multitrace couplings arise from the many possi- 
ble solutions of the master equation ( = H{ ). However, in most cases considered so far 
the different solutions Ci are continuously connected and the corresponding string back- 
grounds have the same topology when studied in the supergravity approximation. Large- 
phase transitions with change of spacetime topology are known in the AdS/CFT frame- 
work, the most famous example being the Hawking-Page transition , corresponding 
to a CFT on a finite-radius sphere. From the CFT point of view, the phase transition 
arises as a finite-size effect. 

The interplay between multitrace-induced and topology-changing transitions is a in- 
teresting question that we address in this section. Fortunately, the example model based 
on hot D-branes does show topology-changing transitions when the Yang-Mills theory is 
compactified on a torus, so that we can carry on our study in a rather direct way. We 
start with a short review of the topology-changing transitions corresponding to finite-size 
effects of SYM models on toroidal compactifications. 



5.1. Review of the Single- Trace Case 



Let us consider the compactification of the hot D4-brane on a (4— ]9)-dimensional torus 
of size L. In the perturbative description, the Euclidean spacetime of the SYM model at 
finite temperature has the topology x x (S]^)^ ^, with (3 = 1/T and we take the 
supersymmetric spin structure on the torus of size L. 

In the perturbative regime, A <^ 1, the thermodynamics of the SYM4_|_i theory changes 
character at TL ~ 1, from five-dimensional scaling of the entropy 5" ~ at TL > 1 to 
a p-dimensional scaling S ~ T^"^ at TL < 1. At strong coupling A ^ 1, the AdS/CFT 
correspondence incorporates this change of behaviour by a transition between topologically 
distinct backgrounds, both with the same asymptotic boundary conditions . The first 
background is the near-horizon geometry of the original black D4-brane wrapped on the 
(4 — p)-torus. This metric is T-dual to that of black Dp-branes, localized on the torus, but 
distributed uniformly over its volume, i.e. the so-called black brane "smeared" over 4 — p 
transverse dimensions. 

The vacuum energy per unit volume in is the same for both T-dual metrics and is 
given by the thermodynamic free energy of the five-dimensional theory, i.e. we can write 

«;o = -^^ logZo(T), (5.1) 
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where Vp is the volume in the noncompact directions. In general, for a {d + 1)- 
dimensional SYM theory at finite temperature T on a spatial volume Vd we have (c.f. 

- log Zo{T) = -N^ Vd Cd (geffN)^^ T , (5.2) 

where g^^ is the effective SYM coupling constant of mass dimension 3 — d. Considering 
now the particular case of D4-branes wrapped on the T^"^ torus, the effective coupling is 
g^fjN = X/T and 

wo,s^-L^-''C^XT\ (5.3) 

With the same quantum numbers and asymptotic behaviour, one can consider the 
metric of Dp-branes fully localized on the (4 — p)-torus. The corresponding vacuum energy 
is related to the thermodynamic free energy of the effective SYM theory in p Euclidean 
dimensions, with effective coupling g^^N = AL^~*/T, 

wo,i = -N^Cp (AL^-Vt)^ . (5.4) 

The smeared metric dominates for large temperatures, whereas the localized metric 
takes over at low temperatures. The cross-over temperature is given by 

1 = ^ = ^ (ALT)^ , (5.5) 
which defines the "localization curve" 

^^Yf- (5-6) 

The transition between the smeared and the localized geometry is reminiscent of the 
Gregory-Lafiamme instability [^. They are, however, very different, since both back- 



grounds are locally stable in the near-horizon regime (they both have positive specfic heat 
||21|| ). Thus, we have a first-order phase transition between locally stable backgrounds. 

We plot in Fig 7 a phase diagram of the single-trace theory as a function of C = 1/ A and 
the dimensionless combination LT. The localization curve (|5.6| ) continues at weak coupling 
as LT = 1. The correspondence lines separating the perturbative and the supergravity 
regimes are C = 1 for large LT and C = {LTY~'^ for smaller values of LT. 

5.2. The Multitrace Case 



Since the multitrace deformation modifies de vacuum energy through ( p.l7|) the phase 



transition curves change accordingly. Let us consider the simple case of a monomium 
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Fig. 7 : Phase diagram of the finite-temperature D4-brane at large N, as a 
function of the effective dimensionless couphng ^ = 1/A and the size of the 
torus LT, in units of the temperature. Full lines denote finite-size localization 
transitions and dashed lines correspond to correspondence regions between 
supergravity and perturbative descriptions. 

perturbation of the form ( [4 .81) in the d = 4 case. The "smeared" phase over the (4 — p)- 
torus of size L has vacuum energy density 



where we have chosen couphngs so that C4 = 1 and we use units with T = 1 throughout 
this section. denotes the selfconsistent couphng in the smeared phase, obeying the 
master equation 



On the other hand, the phase of locahzed black Dp-branes yields similar expressions 
after dimensional reduction to R^. The effective dimensionless coupling arising through 
the standard rule 




(5.7) 



C C s ^ C s 



-r-2n 



(5.8) 




(5.9) 



is given by 



Ceff = L 



A—p 



c, 



(5.10) 
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and similarly for (. The master equation of the localized phase is then 



gy is given by 

3-p on 

' n + 1 




\ 

\ 

\ 

\ 

\ 

YM 
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n+1 



(5.11) 



(5.12) 



Fig. 8: Phase diagram for the localization transition between D4-branes 
and D3-branes with a niultitrace perturbation ^ < 0. The localization line 
terminates at [Qrn-, Lm) SLnd the dotted line signals the local instability of the 
D4-branes, induced by the multitrace couplings. 



In general, we see that the multitrace perturbation is not qualitatively significant for 

C»iei^ (5.13) 
in the smeared phase. In the localized phase, the qualitative features are standard for 

C>LP-^|^|^^tW . (5.14) 

We shall further simplify the analysis by choosing p = 3, i.e. compactification on a single 
circle of size L. In this particular case the equations ( ^.11|) and ( |5.12| ) governing the 
localized phase collapse to very simple expressions: 
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(5.15) 



The transition curve between the smeared and the locahzed phases in the supergravity 
regime foUows from the equation 



1 - 

von 



2C3C 



1 + 



n 



^ s 



(5.16) 



For ^ < we have a minimal value of for which the smeared solution is locally 
stable: 

C = (2n|e|)™ . (5.17) 
The main effect of this in the (C, L) phase diagram is the abrupt termination of the local- 



ization line (|5.16|) at the point (^^,L^), with 



a = ^^ (2n|^|)^ 



(5.18) 



Hence, part of the supergravity regime that was dominated by D4-branes is now covered 
by the D3-brane phase due to the local instabilities induced by the multitrace coupling 
(see Fig 8). 
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Fig. 9: Phase diagram for the locahzation transition between D4-branes 
and D3-branes with a multitrace perturbation ^ > 0. The locahzation hne 
intersects the C = axis at L = Lc, cutting off part of the D4-brane phase. 
In this case, there are no local instabilities. 
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For ^ > the D4-brane phase is locally stable, but the condition C > still enforces 
a minimum value of (g, given by Cc^~^^ ~ '^^^ critical length at this point is 

77,-1-1 _ 



Expanding the master equation (|5.8|) and the localization equation (|5.16|) near the point 
{( = 0, Lc) we find 

C.?!L±icf:-^l (5.20) 



n + 1 V L 

in the vicinity of the C = axis. The resulting phase diagram is depicted in Fig 9. 

Thus, comparing with Fig 7, we see that the multitraces tend to modify the structure 
of topology-changing phases in the extreme supergravity regime (low values of the effective 
coupling ( ). 



6. Conclusions 

We have studied multitrace perturbations of large master fields in theories with 
adjoint fields and non-vanishing mass gap. The introduction of suitable auxiliary fields 
allows us to discuss the systematics of the expansion at a formal level. At the same 
time, we were able to derive the "master equation" of the Hartree approximation ( |1.8| ), 
and define criteria for local stability of the master fields. 

The example of hot D4-branes was studied in some detail. In particular, we find 
the conditions for the model to develop tachyons induced by multitrace operators. The 
qualitative features of many types of "master equations" , including those of non-polynomial 
multitraces, were analyzed in the supergravity approximation, as well as the effects of these 
deformations on the thermodynamic phase diagrams at finite volume. In general, we find 
that the pattern of large phase transitions is strongly affected by the multitraces when 
the perturbation is of 0{1) in dimensionless units. 

The main result of this paper is the relation between the global properties of the 
master equation, in particular the monotonicity of the function H{() in ( p.l7|) , and the 
local stability of the master field. Since multitrace perturbations in the AdS/CFT context 
correspond to the nonlocal string theories of 0, we have found new classes of tachyonic 
instabilities of these models, entirely induced by the multitrace couplings. These insta- 
bilities arise despite the fact that, within the Hartree approximation, one can compute 
operator condensates in an auxiliary single-trace model (the background X ). It would be 
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interesting to sharpen the connection between these instabihties and the so caUed "stringy 
exclusion principle" of 0. 

Further lines of research suggested by our work include a more precise interpretation 
of the tachyons in the "bulk" spacetime description (as peculiar instabilities of X ) and 
the relation to supersymmetry breaking (in our examples, super symmetry is broken to 
generate a mass gap, already at the level of the single-trace model). In particular, some 
type of UV/IR dictionary for the composite field a{x) would be required to understand 
how these instabilities proceed in the bulk. It should also be interesting to pursue the 
calculation of effects, starting with the one-loop determinants, for example along the 
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Appendix 1. Topological Charge and Multitrace Perturbations 

In the general discussion of Section 2 we assumed the standard large scaling of 
one-point functions limAr^oo(C') = 0{1), with the normalization O ~ A^~^ tr F"^. The 
purpose of this appendix is to point out an important exception of this rule, namely the 
case of the topological operator 

Q = ^trFAF. (1.1) 

Notice the absence of the A^~^ factor in front. Despite this enhanced normalization, the 
large N one-point function ( Q) is still of 0(1), provided the 9 angle is nonvanishing in 
the action 

So = -1- [ d^'xtr + ^ [ trF AF . (1.2) 



2g^ J ■ Stt^ 

Extracting an explicit power of in the normalization of the topological action, we 
see that it is 9/N what plays the role of the 't Hooft coupling. Naively this is incompatible 
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with 27r periodicity in 6*, but it can be restored if the effective action develops multiple 
branches (c.f. p^] ) 



Z{e) = exp [-N^Woie/N)] = j DA e"^" = ^^^xp -N^Vh 



;i.3) 



where V is the Euclidean spacetime volume, and the function h[y) is assumed to have a 
Taylor expansion with 0(1) coefficients in the large limit. 

For each 9, the sum over k is dominated by the least-action branch in the infinite 
volume limit, 

W^{e/N)^TmnkVh(^^^^\ . (1.4) 



The solution of the rj' puzzle by Witten and Veneziano ||2J] requires that the function h{y) 
behaves as h{y) ~ y'^ near the origin. More specifically, let us assume the result of Ref. 
25[] in the AdS/CFT case and set 



h{y) = lCy' + 0{l/N'). (1.5) 

It follows that the full theta-dependence of the vacuum energy is also of 0(1). For example, 
the one-point function of Q scales as 

{Q) = ^ds log Z{9) = -tN^j^h' (^^=1^) ^-tC{e + 27VK) + 0{1/N^) , (1.6) 



where kc is the integer that minimizes ( p..4|) . Therefore, the one-point function of the 
topological charge is of 0(1) in the large N limit, despite its anomalous anomalous nor- 
malization as it appears in ( |1 . 1| ) . 

The connected two-point function is related to the topological susceptibility as 

Qtop = / (Q(^)Q(o))c = ^ [ [ {Qix)Qiy))c = dj log z{9) , (1.7) 

and this in turn determines the constant C in ('D-.5I 



^1 1 .,2 1 ,„ (e + 2TTk 



The peculiar scaling properties of the topological charge operator affect the mean field 
analysis of the multitrace perturbations. Consider the perturbed action 

^ = ^0+ / /(Q) • (1.9) 
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Introducing the auxiliary fields and taking into account the assumed multibranched struc- 
ture of the single-trace theory we find 



;i.io) 



where the functional V /V equals the function h in ( p. .31) when evaluated on constant func- 
tions. 

There is a saddle point for each of the branches, satisfying the equations 



(1.11) 



where we have defined the effective theta angle 6k = 6* + Xfc + 27r/c, so that the master 
equation for each branch reads 



;i.i2) 



The quadratic fluctuation operator is 



, {QQ)c,k -I 



and its contribution to the vacuum energy in each branch is 



(1.13) 



iT: log [l + r(afc) . 



(1.14) 



It contributes to the theta-dependence at the 0(1) order, just as the function hi^y) above. 
Hence, one must calculate the determinant in order to find the balance between the different 
branches. 
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